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The Clauser-Horne-Shimony-Holt-type noncontextuality inequality and the Svetlichny inequality are derived
from the Alicki-Van Ryn quantumness witness. Thus a connection between quantumness and quantum contex-
tuality, and that between quantumness and genuine multipartite nonlocality, are established.
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I. INTRODUCTION
Quantumness is often revealed by the negativity of a certain
quantumness witness (QW) [1]. Specifically, given a commu-
tative C∗-algebra A, for any pair X,Y ∈ A with X ≥ 0 and
Y ≥ 0, the following anticommutation relation always holds:
{X,Y } := XY + Y X ≥ 0. (1)
In quantum mechanics, however, there exist noncommutative
positive-definite operators such that the above relation can be
violated. In Alicki and Van Ryn’s series works, they have
proven that a certain QW can always be found in order to de-
tect quantumness for a two-dimensional system, except that
the system is in the maximally mixed state 1 /2.
Quantum contextuality, on the other hand, serves as a dis-
tinct correlation which shows an incompatibility of quantum
mechanics with the noncontextual hidden variable theory [2].
Such a theory assumes that the measurement outcome of A
is independent of whether A is measured together with B or
with C. In general, however, this is not the case in quantum
mechanics. For a system consisting of a number of subsys-
tems, in particular, there may exist the genuine multipartite
nonlocality, a stronger form of quantum contextuality, that is
usually detected by the Svetlichny inequality [3, 4].
The aforementioned three types of nonclassicality — quan-
tumness, contextuality and nonlocality — have seemingly
been investigated using quite different manners. Also, while
the relations between the last two types have been widely ex-
plored so far (see, e.g., Ref. [5] and references therein), rel-
atively less is known about them with the first type — quan-
tumness, and so, this is what we would like to address in the
paper.
Here, we shall show that with the QW (1) as the
starting point, one is able to construct the the Clauser-
Horne-Shimony-Holt-type (CHSH-type) noncontextual in-
equality [6] and the Svetlichny inequality [3, 4]. Therefore,
the violation of the inequalities clearly implies the Alicki-Van
Ryn quantumness [1, 7, 8]. That is, quantum contextuality and
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genuine multipartite nonlocality both belong to the Alicki-Van
Ryn quantumness.
II. NONCONTEXTUALITY INEQUALITY
To see the connection between contextuality and quantum-
ness, we start with an example of the two-qubit CHSH in-
equality, as shown in Ref. [1]. Two positive-definite operators
can be written down as follows:
X = 2− (A1 ⊗B1 −A2 ⊗B2) ≥ 0,
Y = 2− (A1 ⊗B2 +A2 ⊗B1) ≥ 0,
where A1,2, B1,2 are dichotomic observables, taking values
±1 for each party. Then
XY = 2E + [A1, A2]⊗ 1 + 1 ⊗ [B1, B2],
Y X = 2E − [A1, A2]⊗ 1 − 1 ⊗ [B1, B2],
with E ≥ 0 being the CHSH inequality, and
E = 2− (A1 ⊗A2 +A1 ⊗B2 +A2 ⊗B1 −A2 ⊗ B2).
Thus one obtains the witness as
Q = {X,Y } = 4E.
Here Q < 0 if ρ is an entangled pure state, since any entan-
gled pure state violates the CHSH inequality. This connection
between Bell nonlocality and quantumness was constructed in
Refs. [1, 7, 8]. Thus Bell nonlocality clearly implies quantum-
ness.
Then a natural question is, does contextuality also imply
quantumness? In other words, does there exist a quantumness
witness Qc in order to detect contextuality? The above ex-
ample may give an affirmative answer, provided that the two-
qubit state can effectively be seen as a four-level system.
To see this clearly, one can construct observables from
{A1,2, B1,2} as follows:
A1 ⊗ 1 = B, A2 ⊗ 1 = D,
1 ⊗B1 = C, 1 ⊗B2 = A,
2and then we write two positive-definite operators as
X = 2− (BC −AD) ≥ 0,
Y = 2− (AB + CD) ≥ 0,
so that
XY = 2Ec + [B,D] + [C,A],
Y X = 2Ec − [B,D]− [C,A],
with Ec ≥ 0 being the CHSH-type noncontextuality inequal-
ity, and
Ec = 2− (AB +BC + CD −AD).
Eventually we obtain the witness as
Qc = {X,Y } = 4Ec.
As shown in Ref. [5], relation Ec ≥ 0 can be violated by
some four-dimensional state, making negative. Thus Qc is
a quantumness witness for contextuality of an arbitrary four-
dimensional pure state.
III. THE SVETLICHNY INEQUALITY
In this section, we shall connect the QW with the N -qubit
Svetlichny inequality, whose quantum violation directly indi-
cates the genuine multipartite nonlocality.
It is worthwhile to present two preliminaries before we pro-
ceed. First, the sum of QW’s is still a QW. That is, given a
group of QW’s
Qξ = {Xξ, Yξ}, ξ = 1, 2, ...
the summation, namely,
Qtot =
∑
ξ
Qξ (2)
is still a QW. Note thatQtot ≥ 0 still holds for classical states.
Secondly, we have known from Ref. [9] that the N -qubit
Svetlichny inequality can be constructed by summing up
2N−2 CHSH-type inequalities, i.e.,
ISvet =
∑
ξ
Iξ ≤ 2
N−1, (3)
where each Iξ belongs to the CHSH-type. The idea is that
each Iξ consists of four correlations, for which one can group
some parties effectively as a single party, say A˜, and group
the others as a second single party, say B˜, so that Iξ can be
expressed formally as the CHSH inequality for two effective
parties A˜ and B˜.
With Eqs. (2) and (3) at hand, we are ready now to connect
the QW with the Svetlichny inequality. As a first step, let
us consider the three-qubit case. The three-qubit Svetlichny
inequality reads
I(ρ) = Q000 +Q001 +Q010 −Q011 +Q100
−Q101 −Q110 −Q111 ≤ 4.
Now we divide up the left-side of the inequality into two parts:
I(ρ) = I1(ρ) + I2(ρ) with
I1(ρ) = Q000 +Q001 +Q010 −Q011,
I2(ρ) = Q100 −Q101 −Q110 −Q111.
It is found that if we group A and B together as a single party
A˜, and denote C as a B˜, then we are considering an effective
bipartite scenario that is similar to the CHSH inequality. To
be specific,
I1(ρ) = Q˜00 + Q˜01 + Q˜10 − Q˜11,
I2(ρ) = Q˜00 − Q˜01 − Q˜10 − Q˜11,
where
for I1(ρ) : Q˜0i = Q00i, Q˜1i = Q01i,
for I2(ρ) : Q˜0i = Q10i, Q˜1i = Q11i.
Here, the correlation is defined as
Q˜ij = P (αi + βj
.
= 0)− P (αi + βj
.
= 1),
where “ .=” indicates a modulo 2, i and j run over 0 and 1, and
for I1(ρ) : α0 = a0 + b0, α1 = a0 + b1, βj = cj ,
for I2(ρ) : α0 = a1 + b0, α1 = a1 + b1, βj = cj ,
with ai, bj , ck the local outcomes of A,B,C, respectively. Of
course, one can alternatively group A and C (or B and C) as
A˜, and leave the last party B (or A) as B˜, but this does not
substantially affect our argument above and below. What we
would like to stress is just that such a procedure, of dividing up
the Svetlichny inequality into the CHSH-type elements, can
always be made.
Similar to the previous section, the inequality can be de-
rived from the quantumness witness as follows. We write
X1 = 2− (Q˜00 − Q˜11),
Y1 = 2− (Q˜01 + Q˜10),
for I1(ρ), and
X2 = 2− (Q˜00 − Q˜11),
Y2 = 2 + (Q˜01 + Q˜10),
for I2(ρ), so that
Q1 = {X1, Y1}
= 4
(
2− (Q˜00 + Q˜01 + Q˜10 − Q˜11)
)
= 4
(
2− (Q000 +Q001 +Q010 −Q011)
)
,
and
Q2 = {X2, Y2}
= 4
(
2− (Q˜00 + Q˜01 + Q˜10 − Q˜11)
)
= 4
(
2− (Q100 +Q101 +Q110 −Q111)
)
.
3Then a summation yields the total QW as
Qtot = Q1 +Q2 = 4
(
4− I(ρ)
)
.
It is immediate to observe that Qtot ≥ 0 for classical the-
ories; however, the fact that I(ρ) could be larger than 4 for
the genuine three-qubit entangled state makes the QW nega-
tive as well. Thus, the genuine three-qubit nonlocality clearly
implies the quantumness.
Now we are in a position to derive the N -qubit Svetlichny
inequality ISvet from the QWs. For the sake of convenience,
we focus on a particular Iξ and expand it into probabilities,
namely,
Iξ = Q˜00 + Q˜01 + Q˜10 − Q˜11, (4)
where
Q˜ij = P (αi + βj
.
= 0)− P (αi + βj
.
= 1), (5)
αi is a sum of outcomes of the first, say m, parties, and βj
is that of the remaining (N − m) parties. For instance, we
have m = 2 in the above three-qubit case. The specific index
for each local outcome depends on ξ, i.e., which part of ISvet
these four correlations are included in (see, e.g., the three-
qubit case).
The notation we take here is different from that in Ref. [9],
in which the correlation Q˜ is defined differently and we have
Iξ = −Q˜
′
00 − Q˜
′
01 − Q˜
′
10 − Q˜
′
11. In fact, this is equivalent
to Eq. (4). Here, Q˜ij is an N -qubit correlation. The reason
we only write two indices here is that the N qubits can always
be divided into two parts, each of which acts as a single qubit
and can be detected by the CHSH-type inequality Iξ (such
a division is always possible; see, e.g., the above three-qubit
case, and also Ref. [9] for more details).
Now we write
Xξ = 2− (Q˜00 − Q˜11),
Yξ = 2− (Q˜01 + Q˜10).
(For a different ξ′ 6= ξ, the Iξ′ could also be as follows: Iξ′ =
Q˜00− Q˜01− Q˜10− Q˜11. For this form, we must write instead
Xξ = 2− (Q˜00 − Q˜11),
Yξ = 2 + (Q˜01 + Q˜10).
But this difference in signs does not affect the analysis below,
so hereafter we do not point it out while a form that is different
from (4) is being considered.) To continue, we have
XξYξ = 2(2− Iξ)
+Q˜00Q˜01 + Q˜00Q˜10 − Q˜11Q˜01 − Q˜11Q˜10,
YξXξ = 2(2− Iξ)
+Q˜01Q˜00 + Q˜10Q˜00 − Q˜01Q˜11 − Q˜10Q˜11.
Due to orthogonal relations,
P (αi = s)P (αi = t) = δstP (αi = s),
P (βj = s)P (βj = t) = δstP (βj = s),
along with the definition (5), we further have
Q˜00Q˜01 = P (β1 = 0)P (β2 = 0)− P (β1 = 0)P (β2 = 1)− P (β1 = 1)P (β2 = 0) + P (β1 = 1)P (β2 = 1),
Q˜00Q˜10 = P (α1 = 0)P (α2 = 0)− P (α1 = 0)P (α2 = 1)− P (α1 = 1)P (α2 = 0) + P (α1 = 1)P (α2 = 1),
Q˜11Q˜01 = P (α2 = 0)P (α1 = 0)− P (α2 = 0)P (α1 = 1)− P (α2 = 1)P (α1 = 0) + P (α2 = 1)P (α1 = 1),
Q˜11Q˜10 = P (β2 = 0)P (β1 = 0)− P (β2 = 0)P (β1 = 1)− P (β2 = 1)P (β1 = 0) + P (β2 = 1)P (β1 = 1),
Q˜01Q˜00 = P (β2 = 0)P (β1 = 0)− P (β2 = 0)P (β1 = 1)− P (β2 = 1)P (β1 = 0) + P (β2 = 1)P (β1 = 1),
Q˜10Q˜00 = P (α2 = 0)P (α1 = 0)− P (α2 = 0)P (α1 = 1)− P (α2 = 1)P (α1 = 0) + P (α2 = 1)P (α1 = 1),
Q˜01Q˜11 = P (α1 = 0)P (α2 = 0)− P (α1 = 0)P (α2 = 1)− P (α1 = 1)P (α2 = 0) + P (α1 = 1)P (α2 = 1),
Q˜10Q˜11 = P (β1 = 0)P (β2 = 0)− P (β1 = 0)P (β2 = 1)− P (β1 = 1)P (β2 = 0) + P (β1 = 1)P (β2 = 1).
All these will be canceled with one another, hence we obtain
the QW for ξ:
Qξ = {Xξ, Yξ} = 4(2− Iξ).
For other ξ′ 6= ξ, one can similarly construct the correspond-
ing QW Qξ′ . In total, we have 2N−2 such Qξ’s. Eventually
we obtain the total QW by a summation:
Qtot =
∑
ξ
Qξ
=
2
N−2∑
ξ=1
4(2− Iξ)
= 4(2N−1 − ISvet).
4In the last step, we have used the fact that
∑
ξ Iξ = ISvet.
Thus, we have connected the witness Qtot with the N -qubit
Svetlichny inequality and, similarly to the aforementioned
three-qubit case, when the Svetlichny inequality is violated by
the genuine multipartite entangled state, Qtot becomes nega-
tive as well. Therefore, the genuine multipartite nonlocality
clearly implies the quantumness.
IV. DISCUSSION
In this paper, we have demonstrated that the CHSH-type
noncontextuality inequality and the Svetlichny inequality can
be derived out from the Alicki-Van Ryn quantumness witness.
Connections between the quantumness and quantum contex-
tuality, and between the quantumness and genuine multipartite
nonlocality, have therefore been established. A few questions
are still open, however. For instance, how can one construct
the Mermin-Ardehali-Belinskii-Klyshko inequality [10] from
the witness? We only considered the Svetlichny inequality
of qubits, then how can the derivation be generalized to that
of qudits? Can one derive state-independent noncontextuality
inequalities (like, e.g., the one in Ref. [11]) from the witness
as well? In the authors’ opinion answers to all these are very
worthwhile and certainly deserve further investigations.
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